Spin-orbit coupling and chaotic rotation for coorbital bodies in quasi-circular orbits by Correia, Alexandre, & Robutel, Philippe
Spin-orbit coupling and chaotic rotation for coorbital
bodies in quasi-circular orbits
Alexandre Correia, Philippe Robutel
To cite this version:
Alexandre Correia, Philippe Robutel. Spin-orbit coupling and chaotic rotation for coorbital
bodies in quasi-circular orbits. Astrophysical Journal, American Astronomical Society, 2013,
6pp. <10.1088/0004-637X/779/1/20>. <hal-00909712v2>
HAL Id: hal-00909712
https://hal.archives-ouvertes.fr/hal-00909712v2
Submitted on 3 Dec 2013
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
Draft version December 3, 2013
Preprint typeset using LATEX style emulateapj v. 11/10/09
SPIN-ORBIT COUPLING AND CHAOTIC ROTATION FOR COORBITAL
BODIES IN QUASI-CIRCULAR ORBITS
Alexandre C.M. Correia
Departamento de F´ısica, I3N, Universidade de Aveiro, Campus de Santiago, 3810-193 Aveiro, Portugal; and
Astronomie et Syste`mes Dynamiques, IMCCE-CNRS UMR8028, 77 Av. Denfert-Rochereau, 75014 Paris, France
Philippe Robutel
Astronomie et Syste`mes Dynamiques, IMCCE-CNRS UMR8028, 77 Av. Denfert-Rochereau, 75014 Paris, France
(Dated: 2013 November 22)
Draft version December 3, 2013
ABSTRACT
Coorbital bodies are observed around the Sun sharing their orbits with the planets, but also in
some pairs of satellites around Saturn. The existence of coorbital planets around other stars has also
been proposed. For close-in planets and satellites, the rotation slowly evolves due to dissipative tidal
effects until some kind of equilibrium is reached. When the orbits are nearly circular, the rotation
period is believed to always end synchronous with the orbital period. Here we demonstrate that
for coorbital bodies in quasi-circular orbits, stable non-synchronous rotation is possible for a wide
range of mass ratios and body shapes. We show the existence of an entirely new family of spin-orbit
resonances at the frequencies n ± kν/2, where n is the orbital mean motion, ν the orbital libration
frequency, and k an integer. In addition, when the natural rotational libration frequency due to the
axial asymmetry, σ, has the same magnitude as ν, the rotation becomes chaotic. Saturn coorbital
satellites are synchronous since ν ≪ σ, but coorbital exoplanets may present non-synchronous or
chaotic rotation. Our results prove that the spin dynamics of a body cannot be dissociated from its
orbital environment. We further anticipate that a similar mechanism may affect the rotation of bodies
in any mean-motion resonance.
Subject headings: celestial mechanics — planetary systems — planets and satellites: general
1. INTRODUCTION
Coorbital bodies have fascinated astronomers and
mathematicians since Lagrange (1772) found an equi-
librium configuration where three bodies are located at
the vertices of an equilateral triangle. Gascheau (1843)
proved that for a circular motion of the three bodies,
the Lagrange equilibrium points were stable under spe-
cific conditions fulfilled by the three masses. In 1906,
the first object of this kind was observed (Wolf 1906),
the asteroid Achilles, that shares its orbit with Jupiter
around the Sun, leading on average by 60◦. At present,
more than 4000 coorbital bodies are known in the So-
lar System1, sharing their orbits with the planets. More
interestingly, pairs of tidally evolved coorbital satellites
were also observed around Saturn in a wide variety of
orbital configurations (e.g. Robutel et al. 2012). These
objects present very low eccentricities (less than 0.01)
and their rotations appear to be synchronous, although
there is no confirmation yet (Tiscareno et al. 2009).
Tidal dissipation slowly modifies the rotation rate of
close-in planets and satellites (e.g MacDonald 1964; Cor-
reia 2009). For rigid bodies, when the rotation rate and
the mean motion have the same magnitude, the dissipa-
tive tidal torque may be counterbalanced by the conser-
vative torque due to the axial asymmetry of the inertia
ellipsoid. For eccentric orbits, this conservative torque
allows for capture of the spin rate in a half-integer com-
mensurability with the mean motion, usually called spin-
1 http://www.minorplanetcenter.net/
orbit resonance (Colombo 1965; Goldreich & Peale 1966;
Correia & Laskar 2009). In addition, for very eccentric
orbits or large axial asymmetries, the rotational libration
width of the individual resonances may overlap, and the
rotation becomes chaotic (Wisdom et al. 1984; Wisdom
1987). However, for nearly circular orbits, the only pos-
sibility for the spin is the synchronous resonance (e.g.
Goldreich & Peale 1966; Correia & Laskar 2009). Since
tidal dissipation simultaneously damps the eccentricity
to zero (e.g. Hut 1980; Correia 2009), all the main satel-
lites in the Solar System are observed in quasi-circular
orbits and synchronous rotation.
Contrarily to the classical two-body problem, where
circular orbits are unperturbed, in the case of coor-
bital bodies, the orbits often present long-term librations
around the Lagrange equilibrium points. As a conse-
quence, there is a permanent misalignment of the ro-
tating body long inertia axis from the radius vector to
the central body (Fig. 1). The resulting torque on the
rotating body’s figure induces some rotational libration
(Tiscareno et al. 2009; Robutel et al. 2011, 2012). The
combination of both libration motions (orbital and rota-
tional) may give rise to some unexpected behaviors for
the rotation rate. In this, paper we investigate all the
possibilities for the final rotation of coorbital bodies in
quasi-circular orbits.
2. MODEL
Let us denote m0 the mass of the central body, m
the mass of the rotating body, and mc the mass of the
coorbital companion (Fig. 1). We adopt here the the-
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Fig. 1.— Reference angles for the coorbital system. m0 is the
mass of the central body, m the mass of the rotating body, and mc
the mass of the coorbital companion. θ is the rotation angle of m,
r its distance to the central body, and f its true anomaly. ζ is the
angle between the directions of mc and m.
ory developed by E´rdi (1977) adapted to the planetary
problem (Robutel et al. 2012), and limited to the first
order in µ = (m + mc)/(m0 + m + mc). We addition-
ally assume quasi-circular orbits (negligible eccentricity)
with average radius r0 for both coorbital bodies. The
polar coordinates (r, f) for m centered on m0 are given
by (Robutel et al. 2012):
r = r0
(
1− 2δ
3n
ζ˙
)
, (1)
f = δζ + nt+ f0 , (2)
ζ¨ = −3µn2
[
1− (2− 2 cos ζ)−3/2
]
sin ζ , (3)
where n is the orbital mean motion, δ = mc/(m +mc),
and f0 is a constant. The system can be stable as long
as µ < 0.03812 (Gascheau 1843; Siegel & Moser 1971).
Equation governs the relative angular position of the
coorbitals. Its solutions, plotted in figure 2, are peri-
odic with an associated frequency ν of the order of
√
µn
(E´rdi 1977). There are stable equilibria, L4 and L5, for
(ζ0, ζ˙0) = (±pi/3, 0), and unstable equilibrium, L3, for
(ζ0, ζ˙0) = (pi, 0). The trajectories starting with initial
conditions ζ0 = ±pi/3, |ζ˙0| < n
√
6µ describe tadpole or-
bits around L4 or L5, and those starting from ζ0 = ±pi/3,
|ζ˙0| > n
√
6µ evolve on horseshoe orbits (Fig. 2). The
separatrix between these two types of orbits is given by
ζmin ≈ 24◦ (for more details see Robutel et al. 2012).
The amplitude of the radial variations is usually very
small, so that the orbit remains nearly circular (Eq. 1),
but the longitudinal half-maximal libration amplitude,
α ≡ |ζmax − ζmin|/2
can be very large, depending on the initial conditions
(Fig. 2).
Let us denote A < B < C the moments of inertia of the
rotating body. The equation of motion for the rotation
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Fig. 2.— Longitudinal variations of coorbital bodies (Eq. 14)
in the plane (ζ, dζ/dτ) (top), and orbital libration frequency taken
over the dashed line (ν versus ζ with dζ/dτ = 0) (bottom). The
black curve is the separatrix between the tadpole and the horse-
shoes orbits (ζmin ≈ 24
◦). The two tadpole orbits surrounding L4
correspond to α = 10◦ and α = 50◦, while the two horseshoe orbits
are associated to α = 160◦ and α = 166◦.
angle, θ, is then given by (e.g. Murray & Dermott 1999):
γ¨ = −σ
2
2
(r0
r
)3
sin 2(γ − δ(ζ − ζ0)) , (4)
where
γ = θ − nt− f0 − δζ0 , (5)
and
σ = n
√
3
B −A
C
, (6)
which is approximately the frequency for small-
amplitude rotational librations.
For the tidal dissipation we adopt a viscous linear
model, whose contribution to the rotation is given by
(Mignard 1979; Correia & Laskar 2004):
γ¨ = −K
(r0
r
)6
(γ˙ − δζ˙) , (7)
where
K = 3n
k2
ξQ
(
R
r0
)3 (m0
m
)
(8)
is a dissipation constant, with k2 the second Love num-
ber, Q−1 ≡ n∆t the dissipation factor, ∆t the dissipa-
tion time lag, R the radius of the rotating body, and ξ
its normalized moment of inertia.
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3. DYNAMICAL ANALYSIS
For small-amplitude orbital librations (α≪ 1), a sim-
ple linear theory can be used to understand the diversity
of rotational behaviors. In this case, the solution of equa-
tion (3) is given by (E´rdi 1977)
ζ = ζ0 + α sin(νt) , (9)
where ν ≈ n√27µ/2. At first order in α, expression (4)
simplifies as:
γ¨ = −σ
2
2
[
sin 2γ + α+ sin 2(γ − ν
2
t)− α− sin 2(γ + ν
2
t)
]
,
(10)
where α± = α(1 ± ν/n)δ. We then have three main
islands of rotational libration, γ˙ = θ˙−n = 0,±ν/2, with
half-widths σ and σ
√
α±, respectively. For µ ≪ 1 and
m ≪ mc, we get α± = α. Therefore, together with the
classical synchronous equilibrium at θ˙ = n, there exists
two additional possibilities for the spin at the super- and
sub-synchronous resonances θ˙ = n± ν/2.
More generally, since ζ is a periodic function with fre-
quency ν, we can write (Robutel et al. 2011):
(r0
r
)3
e−i2δζ =
∑
k∈Z
ρke
i(kνt+φk) , (11)
where ρk and φk are the amplitude and the phase shift
of each harmonic, that depend on α. Thus, expression
(4) becomes:
γ¨ = −σ
2
2
∑
k∈Z
ρk sin(2γ + kνt+ φk) , (12)
where the main resonances can be found for θ˙ = n±kν/2,
k being an integer.
The general problem for the spin-orbit evolution of
quasi-circular coorbital bodies is reduced to the analy-
sis of the two frequencies, ν and σ, and the amplitude α.
However, by rescaling the time using τ =
√
µnt, we can
rewrite equations (1), (3) and (4) as
r = r0
(
1−√µ2δ
3
dζ
dτ
)
≃ r0 , (13)
d2ζ
dτ2
= −3
[
1− (2− 2 cos ζ)−3/2
]
sin ζ , (14)
d2γ
dτ2
= −β
2
2
(r0
r
)3
sin 2(γ − δ(ζ − ζ0)) , (15)
with
β ≡ σ/(√µn) ∼ σ/ν .
We see that the orbital motion is almost independent of
µ, since µ < 0.038, and that the rotational motion only
depends on β. The global dynamics of the spin is then
approximately controlled by only two parameters: α and
β.
We can perform a stability analysis of γ˙ in the plane
(α, β) to quickly identify the rotational regime for any
system of coorbital bodies that is near the synchronous
equilibrium. If isolated, the half-width of the syn-
chronous resonant island in the direction of dγ/dτ is
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Fig. 3.— Stability analysis of the rotation rate close to the syn-
chronization for (α, log10 β) ∈ [0
◦ : 70◦] × [−1.5 : 2] (Tadpole
orbits). The color index indicates the proportion of chaotic or-
bits inside the studied domain: from dark blue for fully regular to
red for entirely chaotic. Above the chaotic region (log10 β > 0)
only synchronous rotation is possible, while below it (log10 β < 0)
several spin-orbit resonances are possible. In this plot we fixed
µ ≃ mc/m0 = 10−3 and m/mc = 10−3, but these values do not
significantly affect the results as long as m/mc < 0.1 (Fig. 6).
The black circles correspond to the locations of the six examples
presented in Figures 4 and 5.
equal to β. Thus, for a given (α, β) we select 400 equi-
spaced values of dγ/dτ in the interval [−2β : 2β] and
fix the initial value of γ at the synchronization libration
center. The corresponding solutions are integrated using
the equations (13)-(15) and their dynamical nature (sta-
ble/unstable) is deduced from frequency analysis (Laskar
1990, 1993), which gives the fraction of chaotic trajecto-
ries.
In Figure 3 we show the results for tadpole orbits with
µ ≃ mc/m0 = 10−3 and m/mc = 10−3 (for instance, an
Earth-like planet around a Sun-like star with a Jupiter-
like coorbital). The color index indicates the proportion
of chaotic orbits inside the studied domain: from dark
blue for fully regular to red for entirely chaotic. Depend-
ing on the α and β values, the rotation can present a
wide variety of behaviors, ranging from non-synchronous
equilibria to chaotic motion. A common way of visual-
izing and understanding the different regimes is to use
Poincare´ surface sections (e.g. Wisdom 1987; Morbidelli
2002). Therefore, we selected a few representative pairs
(α, β) and plotted the corresponding diagrams in Fig-
ure 4.
For α = 0, the coorbital is at equilibrium at a La-
grangian point. In this particular case, the orbital mo-
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Fig. 4.— Poincare´ surface sections in the plane (γ, θ˙/n) deduced from the time-2pi/ν map of the flow (Eq. 4). The angle γ is reduced
modulo pi. In the top graphs we fix β = 1 and increase the amplitude α: (a) α = 0◦. In this case, the dynamics is the same as a simple
pendulum for all β; (b) α = 10◦. Although the super and sub-synchronous islands are small (Eq. 10), the partial overlap of the resonances
already generate a significant chaotic region; (c) α = 50◦. For large amplitudes, the islands’ overlap give rise to a huge unstable region
surrounding the synchronization. In the bottom graphs we fix α = 50◦ and vary β: (d) β = 101.3. The three islands merged generating
a chaotic layer in the neighborhood of the synchronization separatrix, as for the modulated pendulum; (e) β = 10−0.4. The three main
resonant islands are isolated, narrow chaotic regions are present along the associated separatrices; (f) β = 100.4. Deep inside the chaotic
zone, in this case no stable motion is possible.
tion is the same as on an unperturbed circular orbit,
so the only possibility for the spin is the synchronous
rotation (Fig. 4a). For non-zero amplitude orbital li-
brations α, the equation for the rotation of the body
(Eq. 4) can be decomposed in a series of individual reso-
nant terms with frequencies n ± kν/2 (at first order),
where k is an integer (Eq. 12). Each term individu-
ally behaves like a pendulum, where the rotation can be
trapped. The amplitude of each term increases with α.
For small-amplitude orbital librations (α ≪ 1) only the
first three terms k = 0,±1 are important (Eq. 10). As
α increases, additional spin-orbit equilibria appear and
extended chaotic regions are possible for the spin.
For β ≪ 1, the resonant islands are well separated
apart (Fig. 4e). Thus, the rotation can be captured
in individual spin-orbit resonances and stay there. In
the linear approximation (Eq. 10), for rotation rates de-
creasing from higher values, the super-synchronous reso-
nance θ˙ = n+ν/2 is the most likely possibility (Fig. 5e).
Synchronous rotation is also possible, if the rotation es-
capes capture in the previous resonance. For rotation
rates increasing from lower values, the sub-synchronous
resonance θ˙ = n − ν/2 is encountered first. For large-
amplitude orbital librations, capture in stable higher or-
der spin-orbit resonances is also possible.
When β ∼ 1, some individual resonant islands over-
lap. Analyzed separately, rotational libration could be
expected in neighboring resonances, but such behavior is
not possible and the result is chaotic rotation (Chirikov
1979; Morbidelli 2002) (Fig. 4f). This means that the
rotation exhibits random variations in short periods of
time. For moderate chaos, the chaotic region may pro-
vide a path into the sub-synchronous resonance (Fig. 5b),
or to initially escaped higher-order resonances (Fig. 5c).
In the linear approximation (Eq. 10), the chaos is con-
fined within the super- and sub-synchronous resonances
(|θ˙−n| . σ(1+2√α)) (Fig. 4b), but for larger orbital li-
bration amplitudes, the chaotic regions can be extended
(Fig. 4c and Fig. 6).
For β ≫ 1, the resonances come closer, and all individ-
ual rotational libration widths embrace the synchronous
equilibrium. At this stage, chaotic rotation can still
be observed around the separatrix of the synchronous
resonance, but the motion is regular nearer the center
(Fig. 4d). Therefore, when the rotation of a body is
decreasing by tidal effect, the rotation will be shortly
chaotic during the separatrix transition, but it is ulti-
mately stabilized in the synchronous resonance (Fig. 5d),
as if the body evolved in a unperturbed circular orbit
(Fig. 5a).
4. DISCUSSION
In order to test the reliability of the dynamical pic-
ture described in the previous section, we have numeri-
cal integrated the equations (1)−(4) together with tidal
dissipation (Eq. 7) using K = 250 yr−1. Dissipation is
set to a high value so that we can speed-up the simula-
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Fig. 5.— Examples of the final evolution of the rotation of a coorbital body. We numerical integrate the equations (1−4) with n =
17.78 yr−1 (corresponding to m0 = 1 M⊙ and r0 = 0.5 AU), together with tidal dissipation using K = 250 yr−1 (Eq. 7). We show an
example for each pair (α, β) taken from Fig. 4. The initial rotation rate is θ˙/n = 2.5 in (d) and θ˙/n = 1.6 in all the other plots. The green
dotted lines give the position of the super- and sub-synchronous resonances n± ν/2 (Eq. 10).
tions. However, lower K values have no impact in the
capture scenario (e.g. Henrard 1982), and the evolution
time-scale is roughly proportional to K−1. In Figure 5
we show an example for each pair (α, β) taken from Fig-
ure 4. The initial rotation rate is θ˙/n = 2.5 in Fig. 5d
and θ˙/n = 1.6 in all the other plots. The green dotted
lines give the position of the super- and sub-synchronous
resonances n± ν/2 (Eq. 10). It is interesting to observe
that the sub-synchronous resonance can be reached af-
ter some wandering in the chaotic zone (Fig. 5b). Cap-
ture in higher order spin-orbit resonances can also occur
(Fig. 5c).
Slightly different initial conditions may lead to totally
different final equilibrium configurations. Different tidal
models can also change the individual capture probabil-
ities in resonance (Goldreich & Peale 1966), but not the
global picture described in this paper. Instead of using
the simplified equations (1)−(3), we also run some simu-
lations integrating direct n-body equations for the orbital
motion, but no differences were observed.
We can also test the robustness of the stability analy-
sis diagram shown in Figure 3 for different mass ratios.
In Figure 6 we then fix mc/m0 = 10
−6 and vary m/mc,
instead of using m/mc = mc/m0 = 10
−3 (Fig. 3). We
confirm that the impact of µ ≃ mc/m0 in the global
analysis of the spin is imperceptible (Fig. 6a,b). How-
ever, for comparable coorbital masses (m/mc > 0.1) the
chaotic region shrinks (Fig. 6c), because the resonance
width is proportional to δ = mc/(m+mc) (Eq. 10). For
identical coorbital masses (m = mc) the orbital libration
amplitude is reduced by one-half, so there is less overlap
between neighbor spin-orbit resonances.
In Figure 6 we simultaneous plot the stability analy-
sis for tapole-type orbits (top) and horseshoe-type orbits
(bottom). We observe that for horseshoe orbits the same
rotational regimes as for tadpole orbits are still present.
However, the chaotic regions are more extended, since
the orbital libration amplitude is larger α ∈ [156◦ : 166◦].
Therefore, more harmonics to the expansion of the ro-
tational torque must be taken into account (Eq. 12), in-
creasing the number of relevant spin-orbit resonances and
the superposition between them.
In the stability analysis diagrams, β ≫ 1 corresponds
to large rotational libration widths and/or small mass-
ratios (Eq. 15). This is exactly the situation for all Sat-
urn’s coorbital satellites, due to their prominent ellip-
soidal figures (σ/n ∼ 1) and tiny mass-ratios (µ < 10−6;
Robutel et al. 2012). As a consequence, the only pos-
sibility for these satellites is the synchronous resonance.
However, for close-in exoplanets one can expect smaller
axial asymmetries and larger mass-ratios (Laughlin &
Chambers 2002; Beauge´ et al. 2007; Cresswell & Nelson
2009; Giuppone et al. 2010), that is, smaller β values. For
Earth-like planets (m/m0 ∼ 10−6), we have σ/n ∼ 10−3
(Yoder 1995) which gives β ∼ 10−1 for a Jupiter-like
coorbital (µ ∼ 10−3), and β ∼ 1 for another Earth-
like coorbital (µ ∼ 10−6), respectively. Thus, Earth-like
planets may present non-synchronous or chaotic rotation
(Fig. 5), an important point to take into account in fu-
ture orbital evolution studies (e.g. Rodr´ıguez et al. 2013),
and habitability studies (e.g. Selsis et al. 2007).
The present work should apply more generally to coor-
bital bodies in eccentric orbits, for which the classic spin-
orbit resonances (Colombo 1965; Goldreich & Peale 1966;
Correia & Laskar 2009) will split into several components
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Fig. 6.— Same plots as in Figure 1 (m/mc = mc/m0 = 10−3), but for different mass ratios. Top pictures correspond to tadpole-type
orbits (α, log10 β) ∈ [0
◦ : 70◦]× [−1.5 : 2], while bottom pictures correspond to horseshoe type orbits (α, log10 β) ∈ [156
◦ : 166◦]× [−1 : 1.5].
We fix mc/m0 = 10−6 and vary m/mc: (a) m/mc = 10−3 (δ = 0.999); (b) m/mc = 0.1 (δ = 10/11); (c) m/mc = 1 (δ = 1/2).
(k1n ± k2ν)/2, where k1 and k2 are integers. It should
also apply to other orbital resonant configurations, in
particular for low order mean motion resonances.
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